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ABSTRACT. We know that the potential of the metric on P,,C is equal to
(m + 1). In this paper we give the metric potential of G2 4C and an example
of special lagrangian submanifold on a real locus of a Calabi-Yau manifold in

Gp,p+¢C which vanishing first Chern class.
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INTRODUCTION

In geometry, Pliicker coordinates, introduced by Julius Pliicker in the 19th cen-
tury, are a way to assign six homogenous coordinates to each line in projective
3-space, P3. Because they satisfy a quadratic constraint, they establish a one-
to-one correspondence between the 4-dimensional space of lines in P35 and points
on a quadric in P5 (projective 5-space). A predecessor and special case of Grass-
mann coordinates (which describe k-dimensional linear subspaces, or flats, in an
n-dimensional Euclidean space), Pliicker coordinates arises naturally in geometric
algebra. They have proved useful for computer graphics, and also can be extended
to coordinates for the screws and wrenches in the theory of kinematics used for
robot control. Alternatively, let L be a line contained in distinct planes a and b
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with homogeneous coefficients ((ap : a1 : a2 : ag) and (bg : by : by : b3). Let N be
the 2 x 4 matrix with these coordinates as rows.

_ apg a1 az as
N_(bo bi bo b3)
We define dual Pliicker coordinate p;; as the determinant of columns ¢ and j of
N

ij_
P J = aibj — ajbi.
Dual coordinates are convenient in some computations, and we can show that

they are equivalent to primary coordinates. Specifically, let (4,7, k,1) be an even
permutation of (0, 1,2, 3); then

bij = Pkl~
e the symplectic form w associated to the kahlerian structure restricted to
the n real dimensional submanifold L must identically vanish, i.e. i*w = 0,
where ¢ : L — M is the canonical injection. So the maximal isotropic
submanifold L, is endowed by a Lagrangian structure.
e There exists a (n,0)-holomorphic volume form 2 such that

27 (i)™

w™.
n!

QnQ =
This last one is given by the solution of Calabi conjecture.
e Finally, L is a special Lagrangian manifold if we have i*Q = dV}, (in the
general case we have i*Q) = A\dVy, where \ € S1).

This paper gives an example of a complex hypersurface of the Grassmannians
G2 ,5C respectively Gy, p+4C with vanishing C;. It is well known that its real locus is
a special Lagrangian orbifold. Actually, it is a complete intersection of a transveral
curves quartic in PyC respectively ]P’Cgﬂ,l . The first interpretation (hypersurface
of G5 5C) does not require particular skills in Algebraic Geometry. Wherefore, both
approaches will be developed in this article. The first section of this paper is devoted
to the description of the manifold X (definition and calculus of its first Chern class).
In the second part, we stand and prove the main result in any dimension, giving
both interpretations of the real locus L of X.

1. METRIC STUDY AND FIRST CHERN CLASS IN COMPLEX GRASSMANNIAN Gg 4C

1.1. Definition of G5 4C. (G24C,g) is the complex Grassmannian of two planes
C* equipped with the metric g, obtained from the Fubini-Study on P5C, belonging
to the first Chern class, ¢1(G2,4C).

Points are identified G2 4C, a matrix My 2(C):

20 <9
21 2
29 2h

z3 Z3
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where the two column vectors are independent. The open cards U;;, 0 < @ <
7 < 3 are obtained by considering the minor of order on lines %, j with nonzero
determinant. For example, Up 1, a point of the Grassmannian is:

1 0

0 1
21 oz |
23 Z4

2. THE FIRST CHERN CLASS OF G2.4C

The metric is written as follows:
gai = @240 pLn(K)
with K is the potential of the metric, in effecting a change of map we obtain
potential
K =|Jac* K
Where Jac is the Jacobian of change cards. In fact:
There are two types of change cards in G 4C. The first and the easiest type is:

G 1 D¢
’ ’ ) — =)
et =0 e o)
there D = (¢1¢4 — (2(3).The determinant of such a change of cards is equal to 1/(f
which can extend the expression to the new card. The second change is the type

of card : G c
4 G2 G3 1
(Cl7(27§3a<4)—>( D' D' D’ D)
Its determinant (much more complicated to calculate) is equal to 1/D*, which still
allows extended writing the new card. In fact:

1 0
z z
(20322723724) - 01 12
zZ3 24
1 0 s 1 0 1
Z1 zZ9 1 0 B _ i Z1 22 zZ9 0 _ 0
0 1 z21 22 2 0 1 -z 1 )] _%
Z3 24 23 24 Z223 72124

z2

1 —
(21,22723,24) — (_ﬂ 7 2% St ﬁ

)

2’27 22’ Z2 Z2

-z 0 o0

zZ2 Zl

0 i 0 0 1 9 1

24 :za | _z; = = |Jac‘ = | ‘2><4'

22 22 22 |z2] 22

_Za 1
0 e 0 =

Or potential following metric:
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K = (14|21 + |22 + |2s]” + |2 + 2124 — 2028[*)°
by making the change of maps defined above, we get:

2 2 2 2
~ 1 Z124 — 2223 zZ4 Z1%24 2923 — RZ1%4
K=Q10+|=| +|—| +|—/————| +|=| +|—= 5 )
z9 zZ9 zZ9 z9 5 z5

which gives:
- 1
K= PNED (L4 212 + 22 + 232 + 2o + 2124 — 2023)2)% = a = 4
)

where ¢1(G2,4C) > 0 for coefficient as 4 = 4 is defined by the following metrics:
= 2 2 2 2 2
g = 2,400 In(1 + |21|” + |22]” + |23]" + |2a|” + |2124 — 2223]7).
3. DEFINITION AND DESCRIPTION OF THE MANIFOLD X
Let us consider the following equation:
F(u,v) = (202 — 2120)* + (202 — 2220)* + (2025 — 2324)*
— (2l — 22) = (212 — 2320)* — (2225 — 2325) =0, (3.1
where u = (20, 21, 22, 23) and v’ = (2, 21, 2, 24) are two independent vectors of C*.
It is easy to see that this equation depends only on the 2-plane of C* given by v and
u’. Consequently, (1) defines a subset of the grassmannian Gs 4C, set of complex
two dimensional linear spaces of C*.

LEMMA 3.1. The equation (1) defines a holomorphic hypersurface of G2 4C which
may be identified with a complete intersection of a quadric and a quartic in P5C.

Proof. In order to find the rank of the linear tangent map of F' in a G2 4C
classical coordinates system ((;);eq1,..,4}, We consider :

G (GG — GG)° =
<2 G~ G =0 (3.2)
—GB G (Gl — ()P =0 .

~G -GGG RE)P=0

Using equation (1), we firstly prove that the solutions of this system are necessarily
of norm one. Taking into account all different cases, explicit computations lead to
a contradiction with the system (2).

Let us give another description of X. To this end, we use the classical identification
of G2 4C with the quadric in P5C given by :

Mo”5 — MmNa + n2ns = 0,
via the map which associates to every point

20 <o

!
zZ1 Z

} € G94C.
V) ZQ ’

z3 23
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described in the above coordinates, the point of P5C :

/ / ’ / / /
[0 = 202] — 2120, = 202y — 2220, 12 = 2023 — 2320,

’ / / ’ / /
773 = 2122 — 2221,774 = 2123 — 2321, 775 = 2223 — 2322].

So, X appears as a complete intersection of a quadric and a quartic in P5C, given
by :

{ NoMs — Mi7a + n2mz =0 (3.3)
o +nit +n5 — 13 —ni—n5 =0).

LEMMA 3.2. X is a manifold with vanishing first Chern class.

Proof.In a first time, we shall give a ”self-contained” proof, using the description
of X, given by equation (1). Then, in a second time, taking into account equation
(3), we give a shorter proof which uses some concepts of Algebraic Geometry.

1) Let us prove that the determinant bundle A3T*X is trivializable by giving
a (3,0)-holomorphic volume form € from a (4,0)-meromorphic form on G 4C,
using Poincaré residue. It corresponds to the generalization of the classical Cauchy
residue at a point of a domain of C to the concept of residue in a hypersurface of a
n dimensional complex manifold. If 7 is a n-meromorphic form of such a manifold
which has first order poles on the hypersurface X locally defined by the equation
g = 0, then 1 may be locally written as:

n= yAdg + 4,
g
where v and § are respectively (n — 1) and n holomorphic forms. Then, the restric-
tion of v to X is well defined as a (n — 1) holomorphic form on X. We say that
is the Poincaré residue of 7.

In our case, let us consider the open chart set Uy of G2 4C where the {U;; }o<i<j<s

are given by :

Uij = {(u,v) € C* x C*:u = (20,21, 20, 23), U = (zé,zi,zé,z&),ziz;» — zjz, # 0}.

The chart maps ¢;; : U;; — C* ~ M3(C), are defined, similarly to ¢g; in the
following manner :

zo 2 o 4\ G ¢
wo1(u,v) = < 2y 2 ) % ( 2 z(i) > N ( G G2 >

The expression of F' in Up; is given by

Jor(€1,¢2,¢3,Ca) = 14+ CF + G5 — G5 — ¢ — (Gida — GGs)?,
In Up1, let us consider :
_ dCi N dCa ANdC3 A dCs
T4+ +G =3 = — (GG — i)t

7 is the local expression in the open chart set Uy; of a n meromorphic form globally
defined on G 4C whose poles are along X. Indeed, the power 4 is the correct one.

Ui
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This can easily be seen in proceeding to the change of charts. There are two types
of change of charts in Gz 4. The first ones (or the easiest) are of the form:

a1 DG
' ¢ a’a”
where D = ((1{4 — (2(3). The determinant of such a change of charts is equal to
1/¢t, and so  may be extended to the new chart. The second change of charts is:
G G G G

— (=, -2,

(C17<27<37C4) ( D7D7D7 D)
Its determinant (much more difficult to compute) is equal to 1/D*, so, we may
extend the expression to the new chart. This result has been established in the

general case of G, p+4C. The Poincaré residue of

_ dCy A dCe A dGs A dCy
T4+ 4¢3 — 38 — ¢ — (Gl — CaC3)t

is given, in a submersion chart X obtained as a sub-chart of (Upy, po1) considering
the condition 9 fp1/9¢1 # 0, by the expression:

_ —dG NGz N dGa
Ofn/0¢ 7

which defines a holomorphic 3 volume form on X. This proves that C1(X) = 0.

2) Using the description (3) of X, we can directly establish this last result. Actually,
a similar proof to the preceding shows that a hypersurface of degree m + 1 of P,,,C
has necessarily a vanishing C;. Taking into account that the sum of the degrees of
a quadric and a quartic is equal to 6, and because our intersection is complete in
P5C, we obtain the result thanks to the adjunction formula.

(C1,¢2,C3,Ga) — (

n

4. SPECIAL LAGRANGIAN SUBMANIFOLD

THEOREM 4.1. The real locus L of X is a special Lagrangian submanifold en-
dowed with a circle bundle structure over PoR which may be identified with S3/Z,.

Proof. In order to show that L is a special Lagrangian submanifold, we use the result
given by R.L. Bryant [2]: the real locus of a trivial first Chern class manifold (that
is to say the fixed points of an anti-holomorphic involution), when it is non-empty,
is a special Lagrangian manifold which is, according to the lemmas 3.1 and 3.2, the
case of the manifold X (the anti-holomorphic involution we use here is the classical
conjugation). L = L'/ ~, where L' is the set of the 2-planes of R* seen as pairs
of independent vectors (u,u’) € R* x R*, u = (zq, 71,22, 73),u = (zf, 2}, 74, 25)
(defining a point of G2 4R) such that:

(woz) — 2120)* + (woxh — 22w))* + (Toxh — 2320) =1 (E))

(12 — wo)* + (2125 — w3w)) ! + (w20h — 232h) =1 (E»)
and ~ is the equivalence relation defined by: (u,u’) ~ (v,v') € R* x R*, if and only
if v =au+ cu/ and v/ = bu + du’ with ad — be = £1.
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(E1) and (E3) come from the equation (1) and a given normalization. So L’ is a
submanifold of R®, diffeomorphic to the pull-back of (1,1) € R? by the submersion

P (R x R?) x (R x R®) — R?
defined by
Y((a,uo), (@' uo")) = (|luo A uo'||?, [la'uo — aug’|?).
In the former description u = (o, up) € R* where a = z¢ and ug = (21,22, 73) € R3
is the projection of u = (z¢, 21,72, 23) on R = {(0,2,y,2) € R*} (it is the same

for the prime items). So the expression ug A ug’ is intrinsic. The result is more
difficult to obtain for ||a/ug — aug’||?, after quotienting by ~. Indeed, if

v=au+cu = (B,v9) and v = bu + du’ = (', v¢’) with ad — be = +1,
we have

B=aa+ca’, [ =ba+dd, vyg=aug+ cuy and vy = bug + dug’.
So

B'vg — Buy’ = (ba+ da')(aug + cug’) — (ac + ca’) (bug + dug’)
(ad — be) (o' ug — aug')
= +(a'ug — aug’).
The interpretation of L as a circle bundle over PsR may be realized as follows:

e (E;) determines the basis of this bundle and corresponds to the fact that
the vectorial product of the vectors projections u = (zg, 1,2, 23) and
u = (zf, 2}, oh, 24) on R3 = {(0,z,y, z) € R*} is unitary for a certain norm.
According to (E2) the vectors ug = (0,1, x2,23) and ug’ = (0, 2], x5, %)
are linearly independent. Then they define a point of the Grassmannian
G2 3R, that is to say a point of PoR (given by their vectorial product).

e (Ej) describes the fibres above PoR. To any pair (w, w’) of independent vec-
tors of R?, corresponds the circle in the basis {w,w’} given by the equation
lo'w — aw'||? = 1.

Using the second interpretation of X (intersection of a quadric and a quartic),
and the notations used in the equations (3.3), L may be identified with S3/Z4 in the
following way : It is the set of the vectors pairs of R? (u,v) where u = (19,11, 72)
and v = (95, —n4,7n3) with vanishing scalar product fulfilling the normalization
condition

m it +my =5+ (—na)* 403 =1,
which is topologically equivalent to ||u|]| = ||v||. If one considers the unit vectors
v = u/||lu|]| and v' = v/||v||, the triple (v/,v',u’ A v') is a direct orthonormal basis
of R? which can be viewed as a matrix in SO(3). The one to one correspondence

[7707 ] 775} — {(ulv v/)v (_ulv _vl)}v
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defines a map from L in SO(3)/Z2, where Zy is the subgroup {Id,c} of SO(3)

-1 0 0
generated by the matrix ¢ = 0 -1 0 |, which corresponds to the map
0 0 1

(0 AV — (=, =0 A,
This map being a diffeomorphism, L is diffeormorphic to SO(3)/Zs or equivalently

SU(2)/7Z4 that is S3/Z4, using the double cover SU(2) —s SO(3). We can recover
the description of L (given in 1)) as a circle bundle over PoR by projecting

{(W, o', o/ AV, (=u/, =0,/ AV} — {,—u'}.
5. DEFINITION AND DESCRIPTION OF THE HYPERSURFACE Y

Let us consider the following equation:

3 4
F(u,v) = Z Z (zizj — zj2;)" =0 (5.1)

i=0 j=i+1
where u = (20, 21, 22, 23, 24) and u' = (2{, 21, 25, 24, z}) are two independent vectors
of C°. Tt is easy to see that this equation depends only on the 2-plane of C® given
by w and «’. Consequently, (5.1) defines a subset of the grassmannian Gs 5C, set of
complex two dimensional linear spaces of C?. Let give the principle results of this
paper:

LEMMA

The equation (1) defines a holomorphic hypersurface of Ga5C which may be
identified with a complete intersection of a cross transversal curves in PyC.

PROOF

We showed that this equation does not depend on the choice of the representa-
tives u and u’ of 2 - plane of C®. Indeed, if v and v are two other representatives)
the identities: v = au + bu’ and v’ = cu + du’.

( ‘C’ Z ) € GL(2,C).

F@/' W) = (ad—0bc)"F(u,v) (5.2)

Uij = {(u,v) € C°xC® : u = (20, 21, 22, 23, 24), U = (20, 21, 29, 23, 24), 225 =252, # 0}
The applications of maps ¢;; : U;; — C°, are defined following the example of
©(01 — plane) in the following way:

Zy 2 PN §1 &
/ 20 %o

%001(”, v) = Z3  Z3 X ’ = & &
21 2

24 2z & Ee
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The application fo1 : Upn C G25C — C, which, in a plan engendered by u =
(20, 21, 22, 23, 24) and u' = (2, 21, 24, 25, 2} ) associate 1+, | &P+ (§164 —&283)" +

(€186 — £2&5)™ + (36 — €4&5)™, where

& &
wor(u,v) = & &
& &

In order to find the rank of the linear tangent map of F' gave by
df01(€17£2a§3a§47€57£6) 75 0

in a G 5C classical coordinates system (&;);cq1,.. 6}, We consider :

n—1 +£6
g
g
nl_ g
nml_gy
n—1 +§3

£186 — £265)" ! =
&6 — L&) =

T (618 — &6 0
0
£386 — &4&5)" 1 =0
0
0
0

(
P = (618 — &8
2l — 6618y — L2&3
(
(

— — —

T & (616 — 68 E386 — Ea&s)" L =
2l 6 (61&s — &5 €586 — Ea&5)" L =

e+ E1(6a8e — 8o §386 — §4&5)" T =

Using equation (5.1), we firstly prove that the solutions of this system are neces-
sarily of norm one. Taking into account all different cases, explicit computations
lead to a contradiction with the system (5.3).

~—
N N N N

~—

~—
—~
[

LEMMA

Y is a manifold with vanishing first Chern class.

Proor

In a first time, we shall give a ”self-contained” proof, using the description of
Y, given by equation (5.1). Then, in a second time, taking into account equation,
we give a shorter proof which uses some concepts of Algebraic Geometry. The
¢1 nobody depends on the choice of the degree of the hypersurface we introduce
then the residue of Poincaré. It is about the generalization of the classic notion of
residue of Cauchy in a point of a domain of C to that of residue in a hypersurface
of a variety of complex dimension n. If n is a méromorphe n-shape of such a variety
which has excellent oles on a hypersurface X defined locally by the equation g = 0,
then 7 can spell locally under the shape :

v Adg
’[’I:
g

where v and § are respectively one (n — 1) and one n forms holomorphes. The
limitation of 7y in Y is then one (n — 1) train(form) holomorphe defined well on Y

+0
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and called residue of Poincaré of n. In our case, let us consider the local writing in
the card(map) (Up1, ¢o1) defined higher :

_ dé1 Ndéa NdEz N déy N dEs N dEe
T+ 37, 60 4 (Lréa — £283)" + (&6 — &285)™ + (€386 — &als)™

Let us prove that the determinant bundle AST*Y is trivializable by giving a
(5, 0)-holomorphic volume form € from a (6, 0)-meromorphic form on G 5C, using

n

Poincaré residue. It corresponds to the generalization of the classical Cauchy residue
at a point of a domain of C to the concept of residue in a hypersurface of a n
dimensional complex manifold. If n is a n-meromorphic form of such a manifold
which has first order poles on the hypersurface Y locally defined by the equation
g = 0, then n may be locally written as:

yAdg
77:

+ 0,

where v and § are respectively (n — 1) and n holomorphic forms. Then, the restric-
tion of v to Y is well defined as a (n — 1) holomorphic form on X. We say that ~y
is the Poincaré residue of 7.

In our case, let us consider the open chart set Uy of G2 5C where the {U;; }o<i<j<s
are given by :

Uij = {(u,v) € C*xC* : u = (20, 21, 22, 23, 24), U = (20, 21, 29, 25, 24), 225 =22, # 0}

The real place (the fixed points of an involution antiholomorphe) of a manifold
(respectively orbifold) in first Chern class is a special Lagrangian manifold (respec-
tively orbifold). indeed R.L. Bryant is shown in [2] that the real place of a manifold
(respectively orbifold) of Calabi-Yau (¢; = 0) is a special Lagrangian manifold. For
n = 6:

THEOREM
The real locus L of Y is a special Lagrangian submanifold endowed with a circle
bundle structure.
6. GENARALIZATION OF THE RESULT IN G), ;4,C

Definition of the hypersurface Z:

Z11 . Z1p

Flp+a)l -+ - Fp+a)p
The matrix of the p-vectors of CP*9, they define an espace and consequently an
element of G, p+,C and A; The minors of order p of this matrix. We suggest
studying the hypersurface defined by the following equation:



230 Riadh JELLOUL

Cngq
M(A) =" det (A;)? =0
i=1
where d The degree of the hypersurface is to be determined so that its Chern
class is useless.

Lemma. The equation of the hypersurface Z is intrinsic for any change of map in
Gp p+qC which can etre characterized by the intersection of cross-functional curves
m ]P)Cer _1(:,

pTaq

Proof. A a matrix of change of map defined as follows:
ail ... G1p

€ Gl,(C)

ap1 - - . Qpp
And 9 is the determining of A by calculating A.K and in replacement in the equation

Cg+q
of Z the new constituents let us obtain M(A’) = ¢4« S det (A;)* = 0.
i=1
What proves that the writing of Z is intrinsic.
Now looking at the writing of this hypersurface in the atlas defined by the follow-
ing way: U; = {(u1, ..., up);u1 = (211, -, Z1(ptq))i Up = (Zp1, -0s Zp(ptq) ) det(D;) #

0}

-1
211 Z1p 211 “1p I,
o1 = -
Y1 . . . yp
Zp+q)t - - - Z(p+g)p Fp - - - Zpp
Yp-1)¢ - - - Ypg
where I, Indicate the matrix identity of order p;
Pq Cprq—Pa—1
MU1’¢1:1+ZZJ?+ Z 5;110
i=1 j=1

Ou 4; Indicate the determiners of the minors of order p of it under matrix y;.
Gp p+qC plunges in chﬂ_lc defining an intersection of cross-functional curves.
With the equation Z is completely defined as a hypersurface resulting from the
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intersection of the cross-functional curves even if it means determining its degree
to obtain ¢;(Z) = 0. For that we are going to use the residue of Poincaré:

_ dyi N ... N dypq
1 pq Cpyq—Pa—1
L+ yl+ X o
i=1 j=1

this writing what is prolongeable on all maps of G, p4,C that gives the ¢1(Z) is
useless for an equal power pg what confirms the result on G 5C where from d = pq
in some dimension thus of Calabi-Yau.

Theorem. The real locus of Z is:
e A special Lagrangian orbifold if Z presents some singularities that depends

of the dimension.
o A special Lagrangian manifold if Z if there is no singularity.
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