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Abstract. In a previous work [1], I proved the existence of a function min-

imizing all functions admissible to sup zero on a non-toric algebraic variety

namely G2,4C. The functions considered are invariant by a group of automor-

phisms obtained from that of Pm(C). We prove in this paper that the Tian

invariant on the Grassmannian G2,5C is 5/18. The method presented in this

article uses a group of automorphisms which operates transitively on G2,5C as

well as a dip natural of it in P9C.
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Introduction

On a complex manifold, an hermitian metric h is characterized by the 1-1 sym-
plectic form ω defined by ω = i gλµ dz

λ ∧ dzµ, where gλµ = hλµ/2.
The metric is a Kähler metric if ω is closed, i. e. dω = 0; then M is a Kähler

manifold.
On a Kähler manifold, we can define the Ricci form by R = i Rλµ dz

λ ∧ dzµ,
where Rλµ = −∂λµ log |g|.
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A Kähler manifold is Einstein with factor k if R = kω. For instance, choosing
a local coordinate system Z = (z1, . . . , zm), the projective space PmC with the
Fubini-Study metric ω = i∂∂ log

(
1 + ||Z||2

)
is Einstein with factor m+ 1.

On a Kähler manifold M , the first Chern class C1(M) is the cohomology class
of the Ricci tensor, that is the set of the forms R+ i∂∂ϕ, where ϕ is C∞ on M . If
there is a form in C1(M) which is positive (resp. negative, zero), then C1(M) is
positive (resp. negative, zero). If a Kähler manifold is Einstein, then C1(M) and
k are both positive (resp. negative, zero). In the negative case, it was proved by
Aubin ([Au1], see also [Au4]), that there exists a unique Einstein-Kähler metric
(E.K. metric) on M . It is so for the zero case too ([Au1], [Ya]). The question
for the positive case is still open: some manifolds, such as the complex projective
space blown up at one point, do not admit an E.K. metric (for obstructions, see
[Li] and [Fu]). Aubin [Au2] and Tian [Ti] have shown that for suitable values of
holomorphic invariants of the metric, there exists an E.K. metric on M .

For ω/2π in C1(M), Tian’s invariant α(M) is the supremum of the set of the
real numbers α satisfying the following: there exists a constant C such that the

inequality

∫
M

e−αϕ ≤ C holds for all the C∞ functions ϕ with ω + i∂∂ϕ > 0 and

supϕ ≥ 0, where ω = i gλµ dz
λ∧ dz µ is the metric form. Such functions ϕ are said

ω-admissible.
In [Ti], Tian established that if α(M) > m/(m + 1), m being the dimension of

M , there exists an E.K. metric on M . This condition is not necessary: it does not
hold on the projective space, where Tian’s invariant is 1/(m+ 1).

In the same paper, Tian introduces a more restrictive invariant αG(M), consid-
ering only the admissible functions ϕ invariant by the action of a compact group
G of holomorphic isometries. The sufficient condition for the existence of an E.K.
metric on M remains αG(M) > m/(m+ 1); it is more easily satisfied if the group
G is rich enough.

1. Results obtained on G2,5C:

Let (G2,5C, g), the complex Grassmannian of the two planes of C5 provides the
metric g, obtained from that of Fubini-Study on P9C, and belonging to the first
Chern class, c1(G2,5C).
We locate the points of G2,5C, by a matrix of M5,2(C):


z0 z′0
z1 z′1
z2 z′2
z3 z′3
z4 z′4


where the two column vectors are independent. The card openers Ui,j , 0 ≤ i < j ≤ 4
are obtained by considering the minor of order 2 relating to the lines i, j with a
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non-zero determinant. For example, in U0,1, a point of the Grassmannian is written:
1 0
0 1
z1 z2

z3 z4

z5 z6

 ,

and the metric g has components in this map: gλµ̄ = 5∂λµ̄ ln(1+ | z1 |2 + | z2 |2 + |
z3 |2 + | z4 |2 + | z5 |2 + | z6 |2 + | z1z4−z2z3 |2 + | z1z6−z2z5 |2 + | z3z6−z4z5 |2)
(the constant 5 is the one which ensures that the metric is indeed in the c1, see [2]),

where ∂λµ̄ = ∂2

∂zλ∂z̄µ
.

We say that a function ϕ ∈ C∞(G2,5C) is g-admissible, if gλµ̄ + ∂λµ̄ϕ is positive
definite (it therefore defines a new metric).

Now consider the function ψ̃, defined in Ui,j by : ψ̃


z0 z′0
z1 z′1
z2 z′2
z3 z′3
z4 z′4

 =

ln
|z0z′1−z

′
0z1|

10/6|z0z′3−z
′
0z3|

10/6|z1z′2−z
′
1z2|

10/6|z1z′4−z
′
1z4|

10/6|z2z′3−z
′
2z3|

10/6|z3z′4−z
′
3z4|

10/6

(
∑

0≤i<j≤3|ziz′j−z′izj |2)5 . This

function, of ten complex variables, is independent of the choice of the representative
of the plane of C5, it therefore defines a function on G2,5C ( deprived of the edge
of the cards).

We set ψ = ψ̃− sup ψ̃ = ψ̃+ 5 ln(6). ψ is negative and admits zero sup at the point
1 0
0 1
1 0
0 1
1 0

 of the map U0,1 (see proposition 4).

Finally, consider the group G, generated by the automorphisms φ a b
c d


and P of G2,5C, defined, for

(
a b
c d

)
∈ U2(C), by :

φ a b
c d




z0 z′0
z1 z′1
z2 z′2
z3 z′3
z4 z′4

 =


az0 + bz1 az′0 + bz′1
cz0 + dz1 cz′0 + dz′1

z2 z′2
z3 z′3
z4 z′4


The invariance of a function f by Pi which generates the permutation of the first

two blocks of order 2 and the permutation of line 1 with line 5. We easily verify
that these applications are intrinsic and leave the metric g invariant. G is therefore
a group of isometries of G2,5C, in the sense of the metric g. We also check that the
function ψ, defined above is G-invariant.

In this article we show that the functions ϕ ∈ C∞(G2,5C), g-admissible, with sup

equal to zero on G2,5C, invariant by G, are reduced by the function ψ̃ (which we
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will henceforth call ”extremal function”), a function tending towards minus infinity
on the edge of the maps usual (described above) of G2,5C.

A similar reduction has been proven on the complex projective as well as on
varieties obtained from the latter by splitting and by fibration, a reduction which
provides a Tian type inequality on these toric manifolds, and makes it possible to
establish lower bounds of their Ricci tensors.
This article deals with a non-toric example, using a method other than that recom-
mended in [2], adding a group of automorphisms making it possible to find a larger
Tian constant. Let us now state the main results of this article.

Théorème 1. Let ϕ ∈ C∞(G2,5C) be a function g-admissible and G-invariant,

checking supG2,5C ϕ = ϕ


1 0

0 1

1 0

0 1

1 0

 = 0. Then we have: ϕ ≥ ψ.

Théorème 2. Let ϕ ∈ C∞(G2,5C) be a function g-admissible and G-invariant,

checking supG2,5C ϕ = 0. Then we have: ϕ ≥ ψ̃.

A corollary of this theorem is:

Théorème 3. . For all α < 5/18, we have the inequality following Tian type (see

[4]: ∫
G2,5C

exp(−αϕ)dv ≤ Cst,

for any function ϕ verifying the hypotheses of the theorem 1.

dv is the volume element on G2,5C relative à to the metric g.

2. Proofs of Theorems 1 and 2

All the calculations which will follow are carried out in the intersection of the
cards Ui,j .

2.1. Proof of Theorem 1.

Group of automorphisms in G2,5C. We define the group of isometries in G2,5C:
Let X be the set of subspaces of dimension 2 in C5; especially, G1,mC is the complex
projective space of dimension m. It is known that on PmC, the Fubini-Study metric
is Einstein with the factor m + 1 and that the Tian invariant is 1/(m + 1). Now,
let M2C be set of matrices of rank 2. The Gl2C group acts by right multiplication
on M2C. More precisely the group Gl5C acts by multiplication left on M2C and
induces an action on G2,5C; the same goes for the unitary group U5C. These
groups act transitively on G2,5C, which shows that G2,5C is compact. We denote
by I the set of all subsets of increasing order of 2 items in {1, . . . , 5}. Let R be
an element of M∗5,2C, R =

(
rij
)

1≤i≤5
1≤j≤2

. By the Cauchy-Binet formula we obtain:

det
(
tRR

)
=
∑
I |detm

I
(R)|2, where mI(R) is the matrix

(
rij
)

i∈I
1≤j≤2

. The form ω,
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Or ω = i ∂∂ log det
(
tRR

)
, is invariant by the action of Gl2C on V, and therefore it

projects onto a form G2,5C. The metric g is a Kähler metric on G2,5C. The action
of the unitary group U5C on G2,5C preserves the metric g so that U5C is a group
of holomorphic isometries which operate transitively on G2,5C.

Proposition 4. ψ is G-invariant and reaches its sup, equal to zero, on U5C (which

amounts to saying that ψ̃ reaches its sup, equal to −5 ln(6), on U5). ψ and ψ̃ verify:

∂λµ̄ψ = ∂λµ̄ψ̃ = −gλµ̄

Lemme 1. Let λ1 6= 1 and λ2 6= 1 be two strictly positive real numbers and let ϕ

be a function verifying the hypotheses of theorem 1. Then:

(ϕ− ψ)

 1 0

0 λ1

λ2 0

 ≥ 0

and

(ϕ− ψ)

 0 λ1

λ2 0

0 1

 ≥ 0.

(writing in card U0,1).

Proof.
Let us proceed absurdly by assuming that there exists λ1 > 0 and λ2 > 0, λ1 6= 1

and λ2 6= 1 such that:

(ϕ− ψ)

 1 0
0 λ1

λ2 0

 < 0

same proof for

 0 λ1

λ2 0
0 1

).

Let the set be defined for λ1 > 1 and λ2 > 1by :

Dλ =
⋃

t∈[−1,1]

{
⋃

θ∈[0,2π]

 1 0
0 λt1e

iθ1

λt2e
iθ2 0


Therefore, using the fact that ϕ− ψ is G-invariant, we have:

(ϕ− ψ)

 1 0
0 λt1e

iθ1

λt2e
iθ2 0

 = (ϕ− ψ)

 1 0
0 λt1
λt2 0

 .

Knowing that ϕ− ψ is G-invariant, it is invariant in particular by the inversion of
the matrices (expression in U0,1 ∪ U2,3 of the invariance of the P automorphisms
described above). The function ϕ − ψ therefore takes the same value on Ct as on
C−t. It is therefore negative on the edge C−1 ∪ C1 of the aforementioned crown
and identically zero on the circle C0 (the functions ϕ and ψ are zero on the circle
C0 corresponding to the orbit of the identity matrix). It therefore reaches its sup
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inside the crown which we will parameterize, in the map U0,1, by the holomorphic
curve :

c(z) = (c1(z) = 1, c2(z) = 0, c3(z) = 0, c4(z) = z1, c
5(z) = z2, c

6(z) = z2)

At a point z0 interior to the crown where the sup is reached, we have :

∂2[(ϕ− ψ)(c(z))]

∂z∂z̄
(z0) =

∂2(ϕ− ψ)

∂zi∂z̄j
(c(z0))ċi(z0) ˙̄cj(z0) < 0,

which contradicts the admissibility hypothesis of ϕ.

Lemme 2. Let λ1, λ2 and λ3 be 3 strictly positive real numbers and different from

1, and let ϕ be a function verifying the hypotheses of the theorem. Then we have:

(ϕ− ψ)

 λ1 0

0 λ2

λ3 0

 ≥ 0

(writing in card U0,1).

Proof. As in the previous lemma, we will reason through the absurd by assuming
that there exists 0 < λ1, 0 < λ2 and 0 < λ3 both different from 1 , such that

(ϕ− ψ)

 λ1 0
0 λ2

λ3 0

 < 0.

Note that the invariance of (ϕ− ψ) by U2(C) implies:

(ϕ− ψ)

 λt1 0
0 λt2
λt3 0

 = (ϕ− ψ)

 λt1e
iθ1 0

0 λt2e
iθ2

λt3e
iθ3 0

 .

And
C is a complex domain of complex dimension 3 of the map U0,1 whose edge is

given by the orbits by the action of A ⊂ U2(C): ζ1 0
0 ζ2
ζ3 0

 with
1

λ1
< |ζ1| < λ1,

1

λ2
< |ζ2| < λ2 and

1

λ3
< |ζ3| < λ3.

We can therefore identify the points of C by (ζ1, ζ2), where 1
λ1

< |ζ1| < λ1, 1
λ2

<

|ζ2| < λ2 and 1
λ3
< |ζ3| < λ3. C therefore describes a product of tori whose edge is

given by:

∂C = {(ζ1, ζ2, ζ3) ∈ C3; ζ1 = λ1 or
1

λ1
, andζ2 = λ2 or

1

λ2
andζ3 = λ3 or

1

λ3
,

where the function (ϕ− ψ) is strictly negative, according to the initial hypothesis
and the fact that (ϕ − ψ) is G-invariant. Indeed, like the previous lemma, the
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invariance of a function by G results in the fact that this function remains constant
on Et ∪ E−t. Consider the curve:

c(t) =

 t 0

0 t
lnλ2
lnλ1

t
lnλ3
lnλ1 0

 ,

defined on [λ1,
1
λ1

] (we can assume, even if it means reversing the roles of λ1 and
1
λ1

), that λ1 < 1. The curve c(t) passes, respectively in t = λ1, t = 1 and t = 1
λ1

through the points

 λ1 0
0 λ2

λ3 0

,

 1 0
0 1
1 0

 and

 λ−1
1 0
0 λ−1

2

λ−1
3 0

, where ϕ − ψ

is respectively strictly negative, zero, then strictly negative again. Knowing that
ϕ− ψ is G-invariant, we have:

(ϕ− ψ)(c(t)) = (ϕ− ψ)

 t 0

0 t
lnλ2
lnλ1

t
lnλ3
lnλ1 0



= (ϕ− ψ)

 teiθ 0

0 (teiθ)
lnλ2
lnλ1

(teiθ)
lnλ3
lnλ1 0



= (ϕ− ψ)

 z 0

0 z
lnλ2
lnλ1

z
lnλ3
lnλ1 0


= (ϕ− ψ)(c(z)),

defined in the crown : {λ1 ≤ |z| ≤ 1
λ1
} of C. (ϕ − ψ)(c(z)) therefore admits a

local maximun inside the crown described above (more precisely, at the points z
such that |z| = 1 ). Its Hessian is therefore negative at these points, which allows
us to write, as in the previous lemma: Consequently (ϕ − ψ) admits a maximum
inside the domain C of C3, which we will parameterize in Ui,j by : c(ζ1, ζ2, ζ3) =
(c1(ζ1, ζ2, ζ3), c2(ζ1, ζ2, ζ3), c3(ζ1, ζ2, ζ3), c4(ζ1, ζ2, ζ3), c5(ζ1, ζ2, ζ3)c6(ζ1, ζ2, ζ3)). The
Hessian is therefore negative at a point interior to the domain C parameterized by

∂2(ϕ− ψ)

∂zi∂z̄j(c(z0)
)ċi(z0) ˙̄cj(z0) < 0.

This contradicts the admissibility of ϕ.

3. Proof of Theorem 3

. According to the previous theorem we have:∫
G2,5C

e−αϕdv ≤
∫

G2,5C

e−αψdv
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If |g| denotes the determinant of the metric, ln(1+ | z1 |2 + | z2 |2 + | z3 |2 + |
z4 |2 + | z5 |2 + | z6 |2 + | z1z4 − z2z3 |2 + | z1z6 − z2z5 |2 + | z3z6 − z4z5 |2) is
then an intrinsic quantity. Indeed, this is due to the fact that gλµ̄ = 5∂λµ̄ ln(1+ |
z1 |2 + | z2 |2 + | z3 |2 + | z4 |2 + | z5 |2 + | z6 |2 + | z1z4 − z2z3 |2 + |
z1z6 − z2z5 |2 + | z3z6 − z4z5 |2). There are therefore two constants C1 and C2

such that: C1 ≤ ln(1+ | z1 |2 + | z2 |2 + | z3 |2 + | z4 |2 + | z5 |2 + | z6 |2 + |
z1z4 − z2z3 |2 + | z1z6 − z2z5 |2 + | z3z6 − z4z5 |2)|g| ≤ C2.

The convergence of the last integral is therefore equivalent to the convergence of:∫
C6 e
−αψ dz1∧dz̄1∧dz2∧dz̄2∧dz3∧dz̄3∧dz4∧dz̄4∧dz5∧dz̄5∧dz6∧dz̄6

ln(1+|z1|2+|z2|2+|z3|2+|z4|2+|z5|2+|z6|2+|z1z4−z2z3|2+|z1z6−z2z5|2+|z3z6−z4z5|2 , and

taking into account the invariances by G of the functions considered, this amounts

to studying the convergence of :
∫ +∞

0

∫ +∞
0

∫ +∞
0

(uvw)−10/6αdudvdw
(1+u+v+uv+vw)6(1−α) which takes

place as soon as α < 5/18.

Tian invariant and perspectives
The Tian invariant obtained is equal to 5/18, at this stage we have improved the
result of J. Grivaux see [2]. The work is in progress and this depends on the
enrichment of the group of automorphisms in order to expect an invariant equal to
1 which results in the existence of Einstein-Käler metrics in the Grassmannian and
generalization in any dimensions.
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